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1. INTRODUCTION 

Let us consider the nonlinear Schrodinger equation 

I>: ^/,^= (^^V-^(x)) V + C/(a;)^-/(x,V;), xeM" (1) 

r — ■ where i € R, a; S M" (n > 2). The function ip{x, t) takes on complex values, 

C^ \ h is the Planck constant, i is the imaginary unit. Here A : R" -^ R" denotes 

a magnetic potential and the Schrodinger operator is defined by 
O 

-(— > 



'^ ■ (-V-^(a;)) ij ~-h^ All;-— A- V^j + lAl^^p-'-tp div A. 



I I I 



Actually, in general dimension rt > 2, the magnetic field i? is a 2-form 
^ \ where Sij- = djA]~ — dkAj ; in the case n — 3, B = curl A. The function 

U: K" — > R represents an electric potential. In the sequel, for the sake 
. , of simplicity, we limit ourselves to the particular case in which f{x,t) = 

C^ ■ K{x)\t\P-^t, with p > 1 if n == 2 and 1 < p < ^ if n > 3. 

It is now well known that the nonlinear Schrodinger equation (1) arises 
from a perturbation approximation for strongly nonlinear dispersive wave 

* Supported by MURST 
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systems. Many papers are devoted to the nonlinear Schrodinger equation 
and its solitary wave solutions. 

In this paper we seek for standing wave solutions to (1), namely waves 
of the form ip{x, t) = e"*-^*'' u{x) for some function u : M" — > C. Substi- 
tuting this ansatz into (1), and denoting for convenience e — h, one is led 
to solve the complex equation in K" 

(f V - A{x)Yu + {U{x) - E)u = K{x)\u\P-~^u . (NLS) 

Renaming V{x) + 1 = U{x) — E, we assume from now on that 1 + 1^ 
is strictly positive on the whole R". Moreover, by an obvious change of 
variables, the problem becomes that of finding some function u : R" -^ C 
such that 

{^-A{ex)Yu + u + V{ex)u^K{ex)\u\P-^u, x G R" . (S'e) 

Concerning nonlinear Schrodinger equation with external magnetic field, we 
firstly quote a paper by Esteban and Lions [15], where concentrations and 
compactness arguments are applied to solve some minimization problems 
associated to (S^) under suitable assumptions on the magnetic field. 

The purpose of this paper is to study the time-independent nonlinear 
Schrodinger equation (3^) in the semiclassical limit. This seems a very 
interesting problem since the Correspondence's Principle establishes that 
Classical Mechanics is, roughly speaking, contained in Quantum Mechanics. 
The mathematical transition is obtained letting to zero the Planck constant 
(e -^ 0) and solutions u{x) of (Se) which exist for small value of e are 
usually referred as semi-classical ones (see [19]). 

We remark that in the linear case, Helffer et al. in [18, 20] have studied 
the asymptotic behavior of the eigenfunctions of the Schrodinger operators 
with magnetic fields in the semiclassical limit. Note that in these papers 
the wells of the Schrodinger operators with magnetic fields are the same as 
those without magnetic field, so that one doesn' t 'see' the magnetic field 
in the definition of the well. See also [6] for generalization of the results by 
[20] for potentials which degenerate at infinity. 

In the case A = Q, (no magnetic field), a recent extensive literature 
is devoted to study the time-independent nonlinear Schrodinger equation 
{Se) in the semi-classical limit. We shortly recall the main results in lit- 
erature. The first paper is due to Floer and Weinstein which investigated 
the one-dimensional nonlinear Schrodinger equation (with K{x) = 1) and 
gave a description of the limit behavior of u{x) as e ^ 0. Really they 
proved that if the potential V has a non-degenerate critical point, then 
u{x) concentrates near this critical point, as £ ^ 0. 

Later, other authors proved that this problem is really local in nature 
and the presence of an isolated critical point of the potential V (in the 
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case K{x) — 1) produces a semi-classical solution u{x) of (S^) which con- 
centrates near this point. Different approaches are used to cover different 
cases (see [2, 13, 22, 23, 24]). Moreover when V oscillates, the existence of 
multibumps solutions has also been studied in [4, 11, 14, 17]. Furthermore 
multiplicity results are obtained in [9, 10] for potentials V having a set of 
degenerate global minima and recently in [3] , for potentials V having a set 
of critical points, not necessarily global minima. 

A natural answer arises: how does the presence of an external magnetic 
Geld inRuence the existence and the concentration behavior of standing 
wave solutions to (1) in the semi-classical limit! 

A first result in this direction is contained in [21] where Kurata has 
proved the existence of least energy solutions to (S'e) for any e > 0, under 
some assumptions linking the magnetic field B — (Bij) and the electric 
potential V{x). The author also investigated the semi-classical limit of the 
found least energy solutions and showed a concentration phenomenon near 
global minima of the electric potential in the case K{x) = 1 and \A\ is 
small enough. 

Recently in [8] , Cingolani obtained a multiplicity result of semi-classical 
standing waves solutions to (Sg), relating the number of solutions to (S'g) to 
the richness of a set M of global minima of an auxiliary function A defined 
by setting 



^ '^ Kix)-V(p-^)' p-1 2' 



(see (41) in section 4 for details) depending on V{x) and K{x). We remark 
that, if K{x) = 1 for any x G R", global minima of A coincides with global 
minima of V. The variational approach, used in [8], allows to deal with 
unbounded potential V and does not require assumptions on the magnetic 
field. However this approach works only near global minima of A. 

In the present paper we deal with the more general case in which the 
auxiliary function A has a manifold M of stationary points, not necessarily 
global minima. For bounded magnetic potentials A, we are able to prove 
a multiplicity result of semi-classical standing waves of (S'g), following the 
new perturbation approach contained in the recent paper [3] due to Am- 
brosetti, Malchiodi, Secchi. 

Now we briefly describe the proof of the result. First of all, we highlight 
that solutions of (S'e) naturally appear as orbits: in fact, equation (Se) is 
invariant under the multiplicative action of S^. Since there is no danger of 
confusion, we simply speak about solutions. The complex-valued solutions 



4 CINGOLANI, SECCHI 

to (S'g) arc found near least energy solutions of the equation 

(--A(em u + u + V{eOu^K{eO\u\P-\. (2) 

where e^ is in a neighborhood of M. The least energy of (2) have the form 

1 

(3) 

where e^ belongs to M and a G [0, 27r]. As in [3], the proof relies on 
a suitable finite dimensional reduction, and critical points of the Euler 
functional fe associated to problem (Sg) are found near critical point of a 
finite dimensional functional <&£ which is defined on a suitable neighborhood 
of M. This allows to use Lusternik-Schnirelman category in the case M is 
a set of local maxima or minima of A. We remark that the case of maxima 
cannot be handled by using direct variational arguments as in [8] . 

Moreover in the case M is a set of critical points non-degenerate in the 
sense of Bott (see [5] ) we are able to prove the existence of (at least) cup 
long of M solutions concentrating near points of M. For the definition of 
the cup long, refer to section 5. 

Firstly we present a special case of our results. 

Theorem 1.1. Assume that 

{K1)K e L°°(K") n C2(K") is strictly positive and K" is bounded; 

{V1)V e L°°(R") n C2(R") satisfies inf^eK"(l + V{x)) > 0, and V" is 
bounded; 

{A1)A e L°°(M",R") nCi(M",M"), and the jacobian Ja of A is globally 
bounded in M". 

// the auxiliary function A has a non- degenerate critical point xo G K", 
then for s > small, the problem (S'e) has at least a (orbit of) solution 
concentrating near xq ■ 

Actually, we are able to prove the following generalization. 

Theorem 1.2. As in Theorem 1.1, assume again (Kl), (VI) and (Al) 
hold. 

If the auxiliary function K has a smooth, compact, non- degenerate manifold 
of critical points M , then for £ > small, the problem (S^) has at least 
£{M) (orbits of) solutions concentrating near points of M . 
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Finally wc point out that the presence of an external magnetic field 
produces a phase in the complex wave which depends on the value of A 
near M. Conversely the presence of A does not seem to influence the 
location of the peaks of the modulus of the complex wave. Although we 
will not deal with this problem, we believe that in order to have a local C^ 
convergence of the solutions, some assumption about the smallness of the 
magnetic potential A should be added, as done in [21] for minima of V. 

Finally we point out that Theorem 1.1 and Theorem 1.2 hold for prob- 
lems involving more general nonlinearities. See Remark 5.1 in the last 
section. 

Notation 

1. The complex conjugate of any number z G C will be denoted by z. 

2. The real part of a number z G C will be denoted by Re z. 

3. The ordinary inner product between two vectors a, 6 G M" will be 
denoted by a • 6. 

4. From time to time, when no confusion can arise, we omit the symbol 
dx in integrals over R". 

5. C denotes a generic positive constant, which may vary inside a chain 
of inequalities. 

6. We use the Landau symbols. For example 0(e) is a generic function 
such that limsup — ^ < cxd, and o(e) is a function such that lim ^^^ — 0. 



2. THE VARIATIONAL FRAMEWORK 

We work in the real Hilbert space E obtained as the completion of 
C^{M.", C) with respect to the norm associated to the inner product 



{u \ v) — Re / Vm • Vw + uv. 



Solutions to (Se) are, under some conditions we are going to point out, 
critical points of the functional formally defined on E as 



feiu)^\ 



1 A ' 

-V - A{ex) \u 



+ |up + y(ex)|up 1 dx 

— I K{ex)\u\P+^ dx. (4) 

P + 1 Jr" 
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In what follows, we shall assume that the functions V, K and A satisfy the 
following assumptions: 

(Kl) K e L°°(M") n C2(R") is strictly positive and K" is bounded; 

(VI) V e L°°(R") n C^iR'') satisfies inf^eR.(l + y(a;)) > 0, and V" is 
bounded; 

(Al) Ae i°°(M",M")nCi(R",M"), and the jacobianJA of A is globally 
bounded in M". 

Indeed, 



1 ^ ' 



-V - A{ex) ]u 



I 



dx = 



I MVup + \A{ex)u\'^ - 2Re(^ • A{ex)u)\ dx, 



and the last integral is finite thanks to the Cauchy-Schwartz inequality and 

the boundedness of A. 

It follows that /e is actually well-defined on E. 

In order to find possibly multiple critical points of (4), we follow the 
approach of [3]. In our context, we need to find complex-valued solutions, 
and so some further remarks are due. 

Let ^ G M", which will be fixed suitably later on: we look for solutions 
to (S'e) "close" to a particular solution of the equation 



( — - A{em U + U + V{ei)u = KieOWY'^^u. 



(5) 



More precisely, we denote by Uc ■ K" ^ C a least-energy solution to the 
scalar problem 

-AU, + U, + V{eOU, = K{eO\U,\P-^U, in R". (6) 

By energy comparison (see [21]), one has that 

Uc{x) ^ e'^UHx ^ yo) 

for some choice of ct G [0, 27r] and j/o G R": where U^ : M" ^ R is the 
unique solution of the problem 

(-AU^ + t/« + V{eOU^ = K{e(,)\U^P-^U^ 

ic/«(0) = maxR.C/« (7) 

[[/« >0. 
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If U denotes the unique solution of 

'-AU + U = UP inR" 

C/(0) = maxR. U (8) 

C/>0, 

then some elementary computations prove that U^{x) — a{e(,)U{P{e(,)x), 
where 

It is easy to show, by direct computation, that the function u(x) = 
^iA{ei)-xjj^^^^j actually solves (5). 
For ^ e M" and a e [0, 27r], we set 

z'^'" :xeR"^ e''"+*^(^«'-^a(eOJ/(/3(eO(a; - 0)- (9) 

Sometimes, for convenience, we shall identify [0, 27r] and S^ C C, through 
Introduce now the functional F^^''^ : E ^ K. defined by 






^-Me^:' 



+ \u\'' + V{e£,)\u\']dx 
1 



p+1 



^(eOkr^^'^a;, 



whose critical point correspond to solutions of (5). 
The set 

Z" = {z^^-" I C e K" A cr e [0, 27r]} ~ fi-^ x K" 

is a regular manifolds of critical points for the functional F'^^'°' . 
It follows from elementary differential geometry that 

T,.,„Z^ - spanR{^z-«-^ 4^^«'^ . . . , af;:^"^'"} - 

= spanK{zz^«^-, g|z^«'^ . . . , gf^^^^'^, 

where we mean by the symbol span^ that all the linear combinations must 
have real coefficients. 
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We remark that, for j = 1, . . . ,n, 



d^j 



^«'" = -^z^«'" + 0(£|VT/(£e)|) 



= -^^'*'" + 0{e\VV{e£)\ + e\JA{e£,)\) + iz'^-" A,{e£,), 



so that 



--_z^«.'^ := -l^^'^'" + iz'^-" A.j{ei) + 0(e). 



5^: 



9a:;, 



CoUccting these remarks, we get that any Q £ T^^n.^Z^ can be written as 



n+l 






for some real coefficients £i, ^27 • • • i ^n+i- 

The next lemma shows that V/g(z'^^''^) gets small when e ^ 0. 



Lemma 2.f . For all (_ E M", all i] E S^ and all e > small, one has 
that 



l^Mz'^nW < C {e\WV{ei)\ + e\VK{ei)\ + e\JA{eO\ + e\ dW A{eO\ + e' 



for some constant C > 0. 



Proof. From 



fe{u)^F^^-^{u) + \f { 



A{£x)u 

i 






[K{ex)-K{eC}]\u\^^^ (10) 
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and since z^^'"^ is a critical point of F^^'^, one has (with z = z^^'^) 
i^Mz) \v)^Rc f Q V - A{e0) z ■ {A{eO - A{ex))v 



+ Re/ {A{e^)-A{ex))z-[-V-A{eC)]v + 



Re / {A{e^) ^ A{ex))z ■ {A{e() - A{ex))v 
+ Re / {V{ex) - V{eO)zv - Re / {K{ex) - K{eS.))\z\P-^zv 



eRe / -{diY A{ex))zv + 2Re {A{e^) - A{ex))z ■ ( -V - A{emv 
+ Re / {V{ex)-V{eO)zv-Re f {K{ex) - K{eO)\z\P-^zv 



From the assumption that |D^F(x)| < const, one infers 

\V{ex) - V{eO\ < e\VV{eO\ ■ \x - C\ + ae^lx - Cp. 
This impKes 

\V{sx)-V{eO\^z'^'^^ < cie^\VV{eO\^ f \x-^\^z\x-0 + 



C2eM |x-e|V(x-0. (11) 

JR" 

A direct calculation yields 

|x-e|V(x-0 = a^eO f \y\'U^p{eOy)dy 

JR" 



= a{eO'P{eO^''-' j ^ W\'U\y')dy' < C3. 

From this (and a similar calculation for the last integral in the above 
formula) one infers 

/ \V(ex)-V{eO?\z'^^"\^<c^e^\^V{ei)\^+c,e\ (12) 

JR" 

Of course, similar estimates hold for the terms involving K . It then follows 
that 

||V/e(z^«''')|| < C{e\AxYA{ee)\+e\VV{ei)\+e\JA{ee)\+e^), 



10 
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and the lemma is proved. | 



3. THE INVERTIBILITY OF D^F^ ON (TZ"^)-^ 

To apply the pcrturbative method, we need to exploit some non-degeneracy 
properties of the solution z^^''^ as a critical point of F'^^-'^ . 

Let ie.CT,^ : {T^Eii.,yZ^)-^ — > (T^e«,,jZ)^ be the operator defined by 

for a\lv,w G (T^es.^Z^)^. 

The following elementary result will play a fundamental role in the 
present section. 

Lemma 3.1. Let M C M" be a bounded set. Then there exists a constant 
C > such that for all ^ G M one has 



J-MO]u 



+ |u| >C/ (iVwr + lur) yueE. (13) 



Proof. To get a contradiction, we assume on the contrary the existence 
of a sequence {^„} in M and a sequence {u„} in E such that llwrallB = 1 
for all n £ N and 



lim 

n — * + oo 



--A(0]Un 



= 0. 



(14) 



In particular, Un — > strongly in L^(R", C). Moreover, since M is bounded, 
we can assume also S,n ^ ^* G M as n ^ oo. From 



V 

— -A{£,,,)]ur 
I 



|Vu„p + |A(^„)p|u„|2 - 2Rc -Vu„ • A{S,n)u; 

I 



we get 



lim / WuJ' = 1 

n — )-+oo 



lim Re / iVu„ • A(^„)u„ = - . 
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limsup / |Vm„| |^(Cn)| \un\ > limsup 

n — >oo JM.^ n — >oo 



jVUn ■ A{^n)Ur. 



> limsup Re / iVu„ • A(^„)u„ = i 

n— ►oo JR" 



From this we conclude that 
1 



< |A(r)| limsup II Vu„||i2 ||u„I|i2 < 

< |A(r)| limsup ||^i„|U2=0, 



which is clearly absurd. This completes the proof of the lemma. | 
At this point we shall prove the following result: 

Lemma 3.2. Given ^ > 0, there exists C > such that for s small 
enough one has 

\{Le,.,iv\v)\>C\\vf, V|e|<e" Vae[0,2^], Vi;e(r,.,,.Z^)^. (15) 



Proof. We follow the arguments in [3], with some minor modifications 
due to the presence of A. Recall that 

T,.,..Z = span^l J-^-«'-, . . . , ^z^C- ,^z-C-}. 

Define 

V - spauRJ gf^z-«'-, . . . , ^z'i^-, z-«'-, tz'i^-}. 

As in [3], it suffices to prove (15) for all v e span^jz'^^''^, </>}, where (f> LV. 
More precisely, we shall prove that for some constants Ci > 0, C2 > 0, for 
all £ small enough and all |^| < ^ the following hold: 

(L,,,,4Z-«'- I z'^n < -Ci < 0, (16) 

{Le,a.^iCJ, \ <j>) > C2\m' V0±V. (17) 
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For the reader's convenience, we reproduce here the expression for the 
second derivative of F^^-"^: 



D^F'^'''{u){v, v)= f (-- A{eC)) v 



+ \v\' + V{eO\vf 



(p-l)Rc/ \u\P-^Re{uv)uv+ \u\p-^\v\ 



K{eO 



Moreover, since z'^^''^ is a solution of (5), wc immediately get 



V 



--AisO]z'^''' 



V{eO\z 



J Jm^ 



eC'^IP+l 



|z^«-n 



From this it follows readily that we can find some cq > such that for all 
£ > small, all |^| < ^ and all <t G [0, 27r] it results 



^2^£C.a(^ee,<T)(^£C,<T^^e5,^) < Co < 0. 

Recalling (10), we find 

+ / [V{ex)-V{eO]\z'^'"\^~ f [i^M - if (eOlN'^'T' + 



(18) 



— - A{ex) 



,eC,ff 



V 



--A(eaU^«'" 



It follows that 



(Le,,,,^^^?''^ I z"^^") < i:>2F"«^'^(z'^«''^)(z^«^'^,z^«''^) + 

+ cie\VV{eO\ + c2e\WK{eO\ + c3e\JA{eO\ + c^e^- (19) 

Hence (16) follows. The proof of (17) is more involved. We first prove the 
following claim. 

Claim. There results 



D^F'^{z'^-n{<t^,<j))>c4^'' V0±V. 



(20) 



Recall that the complex ground state Uc introduced in (6) is a criti- 
cal point of mountain-pass type for the corresponding energy functional 
J: E — undefined by 



J{u) ^\j (iV^ip + \u\^ + V{e^)\u\^) -^ 



K{eO\u\P+\ (21) 
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Let 

be the Nehary manifold of J, which has codimcnsion one. Let 

A/' = {" e i?: 4„ (I (I - A{e£,)) u\^ + \u\^ + V{ei)\u\^) = ^„ l^r^ } 

be the Nehari manifold of F'^^''^. One checks readily that codimA/" = 1. 
Recall ([21]) that Uc is, up to multiplication by a constant phase, the unique 
minimum of J restricted to A4. Now, for every u E A4, the function 
X H^ e^^'^^^^'^u{x) lies in A/", and viceversa. Moreover 

J{u) =.F^«''^(e*'4(^«)-^w). 

This immediately implies that min^v^ pi^i-<^ jg achieved at a point which 
differs from e^^^^^^^'^Udx) at most for a constant phase. In other words, 
z^^'*^ is a critical point for F'^^''^ of mountain-pass type, and the claim 
follows by standard results (see [7]). 

Let _R ;» 1 and consider a radial smooth function xi '■ IK." — ^ K such 
that 

Xi(a;) = 1, for I a; I < i?; xi{x) ^ 0, for |x| > 2i?; (22) 

|Vxi(x)|<|, for i? < |a;| < 2i?. (23) 

We also set X2{x) = 1 — Xi(a;)- Given let us consider the functions 

(l>i{x)^Xi{x~£,)<t>{x), 2 = 1,2. 
A straightforward computation yields: 

\^? = J\'^^\^ + J l<^2p + 2Re /</)! <^2, 
/ I V(^P = / I V(/.i p + 1 1 V(/.2 P + 2 Re / V<^i • V^, 

R" R" R" R" 

and hence 



ll^lr - Uilr + ll'/'2ir + 2Rey [^i ^, + v<Pi ■ V02i 

R" 
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Letting / denote the last integral, one immediately finds: 



X1X2I 



|V0|^ 



'Vxi • Vx2 



62VX1 • V(/) + 01 V(^ • VX2) . 



Due to the definition of x, the two integrals /' and /" reduce to integrals 
from R and 2R, and thus they are Oi?(l)||0p, where Oi{(l) is a function 
which tends to 0, as i? ^ +00. As a consequence we have that 



Uf = Uif + U2f + 2I^ + on{l)m' 



(24) 



After these preliminaries, let us evaluate the three terms in the equation 
below: 



(Le.a., 



iLe,a,i(t)l\(t>l) + {Le,cr,i(t>2\(t>2) +2 {L^^cr^^(t>i 



One has: 



«! 



^ {L,,^,i<t>i \ <f>i) ^ D^F'i-^z'^ni^uM + / [Viex)-V{em<l>i\ 



-[ [K{exyK{eO]\cf>iK' + 



-A{ex) U 



-AieO]<P 



In order to use (20), we introduce the function (j)^ = (j)i — ip, where -0 is 
the projection of 0i onto V: 

+ ^(0i|9,,^^«'^)a,,z^«'ni9,,z^«^nr'- 

Then we have: 

D^F'i[^i,^i] ^D^F'^[^l,(j)l]+D^F'^[i;,^] + 2ReD^F'^[<l)l,^]. (25) 

Since z^^''^ is orthogonal to 9j..z^^''^, i — 1, . . . ,n, then one readily checks 
that (pl J-V and hence (20) implies 



D^F^^[r,A:]>c,ui\\ 



(26) 
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On the other side, since ((plz'^^-'^) = it foUows: 
= -Re 02^^^'" - Re / Vz^«''" • V0; 



= -Re / x2{y)z{y)(f>{y + 0dy-Rc / Vz{y) ■Vx2{y)(f>{y + Ody 



Since X2{x) = for all \x\ < R, and since z{x) ^ as |x| = i? -^ oo, 
we infer {(j)i\z^^''^) = Ofl:(l)||(/)||. Similarly one shows that {(j)i\dxz'^^''^) = 
oji{l)\\(f)\\ and it follows that 



oR{i)\m- 



(27) 



We are now in position to estimate the last two terms in equation (25). 
Actually, using Lemma 3.1 we get 



D^F'^[^,^P]>C\m^ + V{eO h 



K{eO 



(28) 



Re(p-l) / |z^^''"|P-^Re(z^^''"V)2^^'''V' 



+ z' 



e?,'^|P-l|,/,|2 



1^1^ 



= oR{i)\m' 



The same arguments readily imply 
Putting together (26), (28) and (29) we infer 

Using arguments already carried out before, one has 

\V{ex)~V{eO\<Pl < SC2 I \x - £,\xl{x - 0<i>\x) 



(29) 



(30) 



M'» 



< ec3 / \y\xl{y)<f{y + Ody 

< eC4i?||0f , 
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and similarly for the terms containing K. This and (30) yield 

ai - (L,,,,40i|0i) > C5||(/.if - ec^RUW^ + OR{l)Uf. (31) 

Let us now estimate a2. One finds 

«2 - (is,.,«'/'2 I C^2) > C6U2f + ORil)Uf. (32) 

In a quite similar way one shows that 

a3 > cjl^ + OR{l)\m\ (33) 

Finally, (31), (32), (33) and the fact that I^ > 0, yield 

iLe,cr,i4'\4>) = ai+a2 + 2az 

> cs [||0if + ||^2f + 2/^] - cgReUW^ + OR{l)\\cf,f. 

Recalling (24) we infer that 

iLe.a,i^\^) > Cio||0f - C9i?e||0f + Ofl(l)||0f . 

Taking R = e^^^^, and choosing e small, equation (17) follows. This com- 
pletes the proof. I 

4. THE FINITE DIMENSIONAL REDUCTION 

In this Section we will show that the existence of critical points of /^ 
can be reduced to the search of critical points of an auxiliary finite dimen- 
sional functional. The proof will be carried out in two subsections dealing, 
respectively, with a Liapunov-Schmidt reduction, and with the behaviour 
of the auxiliary finite dimensional functional. 

4.1. A Liapunov-Schmidt type reduction 

The main result of this section is the following lemma. 

Lemma 4.1. For e > small, \^\ < ^ and a G [0, 27r], there exists a 
unique w = w(e, cr, ^) G {T^si.aZ^)^ such that Vfeiz^^'"^ + w) € T^ei^^Z'^ . 
Such a w(e, cr, ^) is of class C^ , resp. C^'''^^ , with respect to ^, provided 
that p > 2, resp. 1 < p < 2. Moreover, the functional <I'e(cr, S,) = fe{z^^''^ + 
w{e,a,^)) has the same regularity as w and satisfies: 

V$e('To,eo) = ^=^ Vfe{z^„+w{e,ao,^a))^0. 
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Proof. Let P = Pe^.a denote the projection onto (T^_cs,<rZ^)-^. We want 
to find a solution w G (T^cs.trZ)^ of the equation PV fe{z^^''^ +w) = 0. One 
has that V/e(z + w) = Vfe{z) + D'^fs{z)[w\ + R(z,w) with \\R{z,w)\\ = 
o(||w||), uniformly with respect to z = z'^^'°' , for |^[ < ^. Using the notation 
introduced in the previous section, we are led to the equation: 

Le.a^^W + PVfs (z) + PR{z, w) = 0. 

According to Lemma 3.2, this is equivalent to 

w^N,^^^„{w), where Ne,^^„{w) ^ -L-]^^^{PV fe{z) + PR{z,w)) . 

From Lemma 2.1 it follows that 



\\Ne,iAw)\\ < ci(£|Vy(eOI + +e\VK{e£,)\ + e| Ja(£OI + e') + o{\\w\\). 

(34) 

Then one readily checks that N^.^.a is a contraction on some ball in (T^EH.aZ^)-^ 
provided that e > is small enough and |^| < ^. Then there exists a unique 
w such that w = N^,^,^(w). Let us point out that we cannot use the Implicit 
Function Theorem to find w(£,^,(t), because the map {£,u) h^ P\7fs{u) 
fails to be C^. However, fixed e > small, we can apply the Implicit 
Function Theorem to the map (^, a, w) h^ P\7fe{z'^^''^ + w). Then, in par- 
ticular, the function w(e,^, cr) turns out to be of class C^ with respect to 
£, and a. Finally, it is a standard argument, see [1, 2], to check that the 
critical points of <&e(C, o") — fe{z + w) give rise to critical points of f^. | 

Remark 4- 1- Since fe{z^^'''^) is actually independent of cr, the implicit 
function w is constant with respect to that variable. As a result, there 
exists a functional ^Pg : K" -^ R such that 

$e(<T,0 = *s(0, Vae[0,2^], veeR". 

In the sequel, we will omit the dependence of w on u, even it is defined 
over 5*1 X R". 



Remark 4- 2. From (34) it immediately follows that: 

\\w\\ < C {e\VV{eO\ + £\VK{eO\ + e\JA{eO\ + e^) , (35) 

where C > 0. 
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The following result can be proved by adapting the same argument as in 

[3]. 

Lemma 4.2. One has that: 

W^^wW < c {e\VV{eO\ + e\\/K{eO\ + e\JA{eO\ + 0(e'))^ , (36) 

where 7 = min{l,p — 1} and c > is some constant. 



4.2. The finite dimensional functional 

The purpose of this subsection is to give an explicit form to the finite- 
dimensional functional $e((T, ^) = ^e(C) = fe{z^^''^ + ^(EjC))- 

Recall the precise definition of z^^'" given in (9). For brevity, we set in 
the sequel z — z'^^''^ and w — w{e,£,). 

Since z satisfies (5), we easily find the following relations: 



j-A{sO]z 



+ \z\' + V{eO\z\'^ / K{eO\z\^+' (37) 



Re/ (—-A{emz-(—-A{emw + Rel zw 

+ Rc I V{eOzw^ Re I K{e£.)\z\P-^zw . (38) 
Hence we get 



<^,{cT,0^,Uz'i'''+wie,a,0) 



2 p+1 



ip+i 



\A{e^)-A{ex)\^z'' + 



Re / (A(e^) - A{ex))z ■ {A{e^) - A{ex))w +eRe / -zw div^(ex) 



— — A{ex) \w 



+ Re / [V{ex) - V{eO]zw 



1 

+ 2 

+ lyH) [ \wf —Re I K{ex){\z+w\P+^-\z\P+^-{p+l)\z\P~^zw) 

2 Jm" P + 1 JR" 



+ ReK{eO IzIP'^^zw + 0{e^) . (39) 
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Here we have used the estimate 

which follows from the boundedness of K" . Since we know that 

we get immediately 

\z'i'^\P+' = CoA{eO[K{eO]-\ (40) 



where we define the auxiliary function 

A(.)= (^ + n-)y ,^P±l_n 

^' X(x)-2/(p-i)' p-1 2' ^ ' 

and C'o ~ \\U\\l2. Now one can estimate the various terms in (39) by means 
of (35) and (36), to prove that 

$,(a,C) = *e(0 = CiA(eO + 0(e). (42) 

Similarly, 

Vvl/,(e) = C\\7A{eO + e^+^0{l), (43) 

where Ci = ( ^ ^ ) Cq. We omit the details, which can be deduced 

without effort from [3]. 

5. STATEMENT AND PROOF OF THE MAIN RESULTS 

In this section we exploit the finite-dimensional reduction performed in 
the previous section to find existence and multiple solutions of (NLS). Re- 
calling Lemma 4.1, we have to look for critical points of $e as a function 
of the variables (cr,^) e [0,2tt] x M" (or, equivalently, (r;,^) G S'^ x R"). 

In what follows, we use the following notation: given a set fi C K" and 
a number p > 0, 

flp '^=^'' {a; G M" I dist(a;, n) < p}. 
We start with the following result, which deals with local extrema. 
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Theorem 5.1. Suppose that (Kl), (VI) and (Al) hold. Assume more- 
over that there is a compact set M C M" over which A achieves an isolated 
strict local minimum with value a. By this we mean that for some S > 0, 

b ='' inf A(x) > a. (44) 

xedMs 

Then there exists es > such that (Se) has at least cat{M,Ms) (orbits of) 
solutions concentrating near Ms, for all < e < eg- 

Conversely, assume that K is a compact set M" over which A achieves 
an isolated strict local maximum with value b, namely for some 7 > 0, 

a = inf A(x) < b. (45) 

x(EdK~f 

Then there exists e^ > such that (S^) has at least caX{K,K^) (orbits of) 
solutions concentrating near K^, for all < e < e^. 

Proof. As in the previous theorem, one has $5(77,^) — ^^(C)- Now 
choose f > in such a way that Ms C {x g R" | |x| < ^}. Define again A 
as in the proof of Theorem 5.3. Let 

N^ ^ {^e M" \e^eM} 

Nl = {C e M" I eC e Ms} 

e' = {CeM" I *,(0 <CiS±^}. 

From (42) we get some es > such that 

7V^ C e^ C Nl, (46) 

for all < s < ss- To apply standard category theory, we need to prove 
that 8*^ is compact. To this end, as can be readily checked, it suffices to 
prove that 8*^ cannot touch dNg. But if e^ E dM, one has A(£^) > 6 by 
the very definition of S, and so 

*s(0 > CiA{sO + Oe{l) > C\b + Oe(l). 

On the other hand, for all ^ G 8*^ one has also ^e(^) < Ci^^. We can con- 
clude from (46) and elementary properties of the Lusternik Schnirel'man 
category that ^e has at least 

cat(8^8^) > cat(iV^iV|) = cat{N,Ns) 

critical points in 8*^, which correspond to at least cat (M,M5) orbits of 
solutions to (Se). Now, let (??*,^*) E S^ x Ms a critical point of <i>e. Hence 
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this point (77*, C*) localizes a solution Ue ,rj* ,^' (x) = z^^ ''' (x) +ui(e, 77*,^*) 
of (S'e). Recalling the change of variable which allowed us to pass from 
(NLS) to (Se), we find that 



solves (NLS). The concentration statement follows from standard argu- 
ments ([2, 3]). The Proof of the second part of Theorem 5.3 follows with 

analogous arguments. | 

Theorem 1.1 in the Introduction is an immediate corollary of the previous 
one when xq is either a nondegenerate local maximum or minimum for A. 
We remark that the case in which A has a maximum cannot be handled 
using a direct variational approach and the arguments in [8] cannot be 
applied. 

To treat the general case, we need some more work. In order to present 
our main result, we need to introduce some topological concepts. 

Given a set M C K", the cup long of M is by definition 

i{M) = l + sup{fceN| (3ai,...,a„ e H*{M) \{l}){aiU ■ ■ ■ U ak ^ 0)}. 

If no such classes exists, we set £{M) — 1. Here H*{M) is the Alexander 
cohomology of M with real coefficients, and U denotes the cup product. It is 
wen known that £(5""-!) = cat(5"-i) = 2, and ^(T") = cat(r") = n + 1, 
where T" is the standard n-dimensional torus. But in general, one has 
l(M) < cat(M). 

The following definition dates back to Bott ([5]). 

Definition 5.1. We say that M is non-degenerate for a C^ function 
/: M.^ ^ M if M consists of Morse theoretically non-degenerate critical 
points for the restriction I\m^- 

To prove our existence result, we need the next theorem, which is a 
slightly modified statement of Theorem 6.4 in chapter II of [7]. 

Theorem 5.2. Let I G C^{V) and J e C'^{V) be two Junctionals defined 
on the Riemannian manifold V , and let T, C V be a smooth, compact, non- 
degenerate manifold of critical points of J. Denote by U a neighborhood of 
S. 

// ||/ — J||c7i((7) '■s small enough, then the functional I has at least £(S) 
critical points contained in U. 

We only remark that Theorem 5.2 can also be proved in the framework 
of Conley theory ([12]). 



22 CINGOLANI, SECCHI 



We are now ready to prove an existence and multiplicity result for (NLS). 

Theorem 5.3. Let (VI), (Kl) and (Al) hold. If the auxiliary function 
A has a smooth, compact, non- degenerate manifold of critical points M , 
then for e > small, the problem (S^) has at least i{M) (orbits of) solutions 
concentrating near points of M . 



Proof. By Remark 4.1, we have to find critical points of ^^ = ^e(C)- 
Since M is compact, we can choose f > so that |a;| < f for all points 
X g M. From this moment, ^ is kept fixed, form {rj*} x M is obviously 
a non-degenerate critical manifold We set now V = R", J = A, E = M, 
and /(^) = *£(?7,^/e). Select S > so that Ms C {x: \x\ < ^}, and 
no critical points of A are in Ms, except fot those of M. Set U — Ms. 
From (42) and (43) it follows that / is close to J in C^iU) when e is 
very small. We can apply Theorem 5.2 to find at least ll{M) critical 
points {^1, . . . ,^£(M)} for ^s, provided e is small enough. Hence the or- 
bits S*^ X {^i},...,S'^ X {£,i(M)} consist of critical points for $e which 
produce solutions of [Se). The concentration statement follows as in [3]. | 

Remark 5. 1. We point out that Theorem 1.1, Theorem 5.1 and The- 
orem 5.3 hold for problems involving more general nonlinearities g{x, u) 
satisfying the same assumptions in [16] (see also Remark 5.4 in [3]). For 
our approach, we need the uniqueness of the radial solution z of the corre- 
sponding scalar equation 

-Au + u + V{eC)u^g{e^,u), u > 0, uc,W^^'^{W). (47) 

Let us also remark that in [8] the class of nonlinearities handled does not 
require that equation (47) has a unique solution. 
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